Let G be a finite 2-group. If G is of coclass 2 or (G, Z(G)) is a Camina pair, then G admits a noninner automorphisms of order 2 or 4 leaving the Frattini subgroup elementwise fixed.
Introduction and main results
In 1964 H. Liebeck proved that a finite p-group G of class 2 has a noninner automorphism σ leaving the Frattini subgroup Φ(G) elementwise fixed and σ can be chosen to have order p if p > 2, and order 2 or 4 if p = 2 [12, Theorem (1) ]. In 1966 W. Gashütz showed that every finite p-group of order greater than p admits a noninner automorphism of p-power order [8] . In 1973 Y. G. Berkovich proposed the following conjecture [13, Problem 4.13] . Conjecture 1.1. Every finite nonabelian p-group admits an automorphism of order p which is not an inner one. Conjecture 1.1 is still open and its validity is established for the following classes of p-groups: G is regular [6, 14] , G is nilpotent of class 2 or 3 [2, 5, 12] , the commutator subgroup of G is cyclic [11] , G/Z(G) is powerful [1] , C G (Z(Φ(G))) Φ(G) [6] and G is of coclass 2 [4] . For other results on the conjecture see [3, 9, 10, 15] .
The noninner automorphisms of order p which are found in responding to Conjecture 1.1 act trivially on the center Z(G) or the Frattini subgroup Φ(G) of G. In the case p = 2, there are examples of 2-groups in which every automorphism leaving Φ(G) elementwise fixed is inner. Examples of groups of nilpotency class 2 and orders 64 and 128 with the latter property are exhibited in [1] and [12] , respectively. In [5, Theorem 5.4 ] an infinite family of finite 2-groups of class 3 with the latter property is constructed.
In this note, motivated by the above mentioned result of Liebeck, we are interested in studying the existence of noninner 2-automorphisms of least possible order for finite nonabelian 2-groups leaving the Frattini subgroup elementwise fixed.
Our first main result is the following. Theorem 1.2. Let G be a finite 2-group of coclass 2. Then G has a noninner automorphism of order 2 or 4 leaving the Frattini subgroup Φ(G) elementwise fixed.
Note that every finite p-group of coclass 2 has a noninner automorphism of order p leaving the center elementwise fixed [4] .
Let G be a finite p-group and N be a non-trivial proper normal subgroup. The pair (G, N) is called a Camina pair if xN ⊆ x G for all x ∈ G \ N, where x G denotes the conjugacy class of x in G. Our next main result is the following. Theorem 1.3. Let G be a finite 2-group such that (G, Z(G)) is a Camina pair. Then G has a noninner automorphism 2 or 4 leaving Φ(G) elementwise fixed.
Let p be odd and G be a finite p-group such that (G, Z(G)) is Camina pair. Then the existence of noninner automorphisms of order p that leaves the Frattini subgroup Φ(G) elementwise fixed, follows from [9] .
Proofs of the main results
Let G be a finite p-group. By d(G) and Ω 1 (G) we denote the minimum number of generators of G and the subgroup of G generated by all elements of order p, respectively. Any other unexplained notation is standard and follows that of Gorenstein [8] .
We need the following preliminary lemma which will be used without further reference.
Lemma 2.1. Let G be a finite group and N be a normal subgroup of G such that G/N is abelian.
where n i = o(x i N), then the mapping x i →x i u i 1≤i≤d can be extended to an automorphism of G leaving N elementwise fixed.
Proof. It follows from [5, Lemma 2.2], that the mapping
f , for g ∈ G, is the desired automorphism.
We first prove the following proposition. Proposition 2.2. Let G be a finite 2-group such that G is cyclic and Z(G) is elementary abelian. Then G has a noninner automorphism of order 2 or 4 leaving Φ(G) elementwise fixed. v) . Now the mapping x → xv, y → yu can be extended to an automorphism α of order 2 that fixes M ∩ N elementwise. If α is inner, then it follows that u 2 × u 3 ≤ G , a contradiction.
Case 2. r = 2. Then d(G) = 2. We may also assume that o(u 1 ) = 4 and 2 = x 2 and (yu 1 u 2 ) 2 = y 2 . Therefore the mapping x → xu 1 u 2 and y → yu 1 u 2 can be extended to an automorphism α of order 4 that fixes Φ(G) elementwise. Similarly the mapping x → xu 1 determines an automorphism β of order 4 that fixes M elementwise. If α and β are inner, then
We remark that if G is a nonabelian finite p-group with cyclic commutator subgroup, then G has a noninner automorphism of order p fixing Φ(G) elementwise whenever p > 2, and fixing either Φ(G) or Z(G) elementwise whenever p = 2 [11, 
It means that Z(G) {[g, h] | g ∈ G}, and this contradicts the hypothesis that (G, Z(G)) is a Camina pair. If d(G) = 2, then consider the automorphism β as in Case 2 of the proof of Proposition 2.2 and apply the preceding argument to get a contradiction.
We end the paper by giving an example to show that our main results are best possible. We first make a preliminary observation: Let G be a finite nonabelian pgroup such that C G (Z(Φ(G))) = Φ(G). If α is an automorphism of G leaving Φ(G) elementwise fixed, then
for all x ∈ Φ(G) and g ∈ G. Thus g
Example 2.3. Let G be a group with the polycyclic presentation
Then G is a group of order 2 5 and coclass 2. Also, (G, Z(G)) is a Camina pair. Moreover, every automorphism of G of order 2 that fixes the Frattini subgroup elementwise is inner.
Checking consistency of the presentation is straightforward (see [16, p. 424] and [7, Lemma 2.1]). The order of G is 2 5 , since G has relative orders (4, 2, 2, 2). We also have Φ(G) = g
, where i = 0, 1, 2, 3 and j, k, l = 0, 1. We have
This shows that (G, Z(G)) is a Camina pair.
Let α be an automorphism of order 2 that fixes Φ(G) elementwise. Let a 1 = g , where i, j = 0, 1. Then a 1 , a 2 satisfy ( * ), if and only if i = k = 0. Thus the number of automorphisms of G of order 2 that fix Φ(G) elementwise is at most 3. On the other hand let θ x be an inner automorphism that fixes Φ(G) elementwise. Then it follows that x ∈ C G (Φ(G)) = Φ(G). If x ∈ Φ(G) \ Z(G) then x 2 ∈ Z(G). Thus θ x is of order 2. Therefore the number of nontrivial such inner automorphisms is |Φ(G)/Z(G)| − 1 = 3. Therefore every automorphism of G of order 2 that fixes Φ(G) elementwise is inner.
